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ABSTRACT

In this paper, we introduce introduces and investigates the notion of
G“-continuous functions via class of G(3-open sets and we study
O-cluster operator via this class to introduces and investigates the
notion of —G“-continuous functions in grill topological spaces.
The relationships between the pervious functions and other known
functions are introduced and studied.
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1. INTRODUCTION

The continuity property is one of the fundamental concepts in
point-set topology. In 1982 Hdeib [S], introduced the notion of
w-open set and w-continuous function as a weaker form of open
set and continuous function, respectively, in topological spaces. A
subset A of a space (X, 7) is called w-open set if for each x € A,
there is an open set U, containing x such that U,, — A is a countable
set. A function f : (X, 7) — (Y, p) of a topological space (X, 7)
into a topological space (Y, p) is called w-continuous function
if for each z € X and for an open set G in Y containing f(z),
there is w-open set U in X containing x such that f(U) C G. In
1983 [7] introduced the notion of (-open set and [-continuous
function which are two of the famous weak forms of open set and
continuous function, respectively, in topological spaces. A subset
A of aspace (X, 7) is called 3-open set if A C Cl(Int(Cl(A))).
A function f : (X,7) — (Y,p) is B-continuous function if
F7H(U) is B-open set in X for every open set U in Y. Under the
notions of w-open sets and (3-open sets, [9]] introduced the notion
of Sw-open set as a weak form for w-open sets and 3-open sets.

For the study of grill topological spaces, [1] introduced the
notions of G(-open set and G3-continuous function as a strong
forms of [(-open set and [-continuous function, respectively,
in grill topological spaces. A subset A of a grill topological
space (X, 7,G) is called GB-open set if A C Cl(Int(V(A))).
A function f : (X,7,G) — (Y,p) of a grill topological space
(X, 1,G) into a space (Y, p) is called G3-continuous function if
F(U) is GB-open set in (X, 7,G) for every open set U in Y. In
[2], we introduced the notion of G“-open set as a form stronger

than Sw-open set and weaker than w-open set and G3-open set. A
subset G of grill topological space (X, 7,G) is called G*-open
set if G C Cl(Int,(¥(G))). The complement of G“-open set
is called G“-closed set, where Int,(A) denotes to w-interior
operator of A which is defined as the union of all w-open subsets
of X contained in A. Cl,(A) denotes to w-closure operator of A
which is defined as the intersection of all w-closed subsets of X
containing A.

In this paper, we introduce the continuity property via class of
G“-open sets in grill topological spaces. This paper is organized
as follows. In Section 2, we introduce introduces and investigates
the notion of G“-continuous functions via class of G/3-open sets.
In Section 3, we study #-cluster operator via the class of G*-open
sets to introduces and investigates the notion of §—G*-continuous
functions in grill topological spaces. The relationships between the
pervious functions and other known functions are introduced and
studied.

By Cl(A) and Int(A) we mean the closure set and the interior set
of A in topological space (X, ), respectively.

DEFINITION 1.1. [8] Let (X, 7) be a topological space and
A C X. A point x € X is called O-cluster point of A if
Cl(U) N A # () for every open set U in X containing x.

The set of all f-cluster points of A is called the 0-cluster set of A
and denoted by C1%(A). A subset A of topological space is called
O-closed set in X, [6], if C1°(A) = A. The complement of 6-
closed set in X is called 0-open set in X.

THEOREM 1.2. [8] Every 0-closed set is closed set.

A collection G of subsets of a topological spaces (X, 7) is said to
be a grill [4] on X if G satisfies the following conditions:

M 0¢g;

(2) A€ Gand A C B implies that B € G;

(3) A, BC Xand AUB € G impliesthat A € Gor B € G.

For a grill G on a topological space X, an operator from the power

set P(X) of X to P(X) was defined in [3]] in the following manner
: Forany A € P(X),

®(A) ={z € X : UNA € G, for each open neighborhood U of z}.

Then the operator ¥ : P(X) — P(X), given by ¥(A) = AU
®(A), for A € P(X), was also shown in [3] to be a Kuratowski
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closure operator, defining a unique topology 7¢ on X such that 7 C
7g. This topology defined by

={UCX:¥(X-U)=X-U},

where 7 C 75 and for any A C X, ¥(A) = ¢CI(A) such that
¢CI(A) denotes the set of all closure points of A in topological
space (X, 7g). The set of all interior points of A in topological
space (X, 7¢) denoted by gInt(A).

If (X, 7) is a topological space and G is a grill on X then the triple
(X, 7,G) will be called a grill topological space.

The following definitions and theorem are taken from [2].

THEOREM 1.3. Let (X, 7,G) be a grill topological space. If
Gy, is G¥-open set for each k € I then UGy is G¥-open set,
where I is an index set.

THEOREM 1.4. Let (X, 7,G) be a grill topological space. If
G is an open set in (X, 7) and H is G“-open set then G N H is
G“-open set.

DEFINITION 1.5. Let (X,7,G) be a grill topological space
and G C X. The 0—G*“-cluster operator of G is defined by the set
of all §—G«-cluster points of G and denoted by g C1°(G). A point
x € X is called 0—G¥-cluster point of G if g» CI(U) NG # () for
every G¥-open set U in (X, 7, G) containing x.

DEFINITION 1.6. A subset G of grill topological space
(X, 7,G) is called 6—G“-closed set in (X,7,G) if goCI°(G) =
G. The complement of §—G*“-closed set in (X, 7,G) is called
0—G¥-open set in (X, 1,G).

THEOREM 1.7. Every 6-closed set in a space (X, 7) is 0—G“-
closed set in grill topological space (X, 7,G) and every §—G*“-
closed set is G¥-closed set.

2.  G¥-CONTINUOUS FUNCTIONS

DEFINITION 2.1. A function f : (X,7,G) — (Y,p) of a
grill topological space (X, 7,G) into a space (Y, p) is called G“-
continuous function if f~1(U) is G*-open setin (X, 7, G) for every
openset U inY.

It is clear that every w-continuous function is G -continuous func-
tion but the converse of this fact no need to be true.

EXAMPLE 2.2. Let f : (R,7,G) — (Y, p) be a function de-
fined by

o ={5rsy

where Y = {a, b},
7={0,R,R—{1}}, G = P(R) — {0}, and p = {0, Y, {b}}.
The function f is G“-continuous, since f~1({b}) = {2} and

YY) = R are G¥-open sets in (R, T,G). The function f is not
w-continuous, since f~1({b}) = {2} is not w-open set.

It is clear that every G(-continuous function is G“-continuous
function but the converse of this fact no need to be true.

EXAMPLE 2.3. Let f: (X,7,G) — (Y, p) be a function de-
fined by f(a) = 2 and f(c) = f(b) = 1, where X = {a,b,c},
Y ={1,2}

T={0,X,{a}}, G = P(X)— {0}, and p = {0, Y, {1}}.
The function f is G¥-continuous, since f~*({1}) = {b,c} and
F YY) = X are G¥-open sets in (X, 7,G). The function f is not
G B-continuous, since f~1({1}) = {b, ¢} is not G/3-open set.
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THEOREM 2.4. A function f : (X,7,G) — (Y, p) of a grill
topological space (X, 7, G) into a space (Y, p) is G¥-continuous if
and only if f~1(F) is G¥-closed set in (X, 7,G) for every closed
set F'inY.

THEOREM 2.5. If f : (X,7,G) — (Y,p) is G“-continuous
function if and only if for each x € X and each open set U in Y
with f(x) € U, there exists G*-open set V in (X, 7,G) such that
zeVand f(V)CU.

PROOF. Suppose that f is G“-continuous function. Let x € X
and U be any open set in Y containing f(x). Put V. = f~1(U).
Since f is a G“-continuous then V' is G¥-open set in (X, 7,G)
such thatz € V and f(V) C U.

Conversely, Let U be any open set in Y. For each x € f~1(U),
f(x) € U. Then by the hypothesis, there exists G*-open set V,, in
(X,7,G) such that z € V,, and f(V,) C U. This implies, V,, C
f71(U) and so f~1(U) = U,e -1 (17) Va. Hence by Theorem ,

fﬁl(U) = Uzeffl(U)Vx
is G¥-open set in (X, 7,G). Thatis, f is G-continuous. [

THEOREM 2.6. A function f : (X,7,G) — (Y,p) is G¥-
continuous of grill topological space (X, 7,G) into a space (Y p)
if and only if

flgwCU(A)] C ,CI(f(A)) forall A C X.

PROOF. Let f be G“-continuous function and A be any sub-
set of X. Then ,CI(f(A)) is a closed set in Y. Since f is G-
continuous then by Theorem , I HLCUf(A))] is G¥~closed
setin (X, 7,G). That is,

g CLf M [,CUF(A)]] = FH,CUF(A)))-
Since f(A) C ,CI(f(A)) then A C f~1[,Cl(f(A))]. This im-
plies,
6= CU(A) € g CL[f,CUF(A)] = [ [-CUS(A)):

Hence flgo CU(A)] € ,CU(f(A).
Conversely. let H be any closed set in Y, that is, ,CI(H) = H.
Since f~1(H) C X. Then by the hypothesis,

flowCIUf T (H)]] C ,CUF(f T (H))] € ,CUH) = H.

This implies, g» Cl[f "1 (H)] C f~1(H). Hence g Cl[f 1 (H)] =
fL(H), thatis, f~1(H) is G~ -closed set in (X, T,G). Hence by
Theorem (2.4), f is G“-continuous. O

THEOREM 2.7. A function f : (X,7,G) — (Y,p) is G“-
continuous of grill topological space (X, 7,G) into a space (Y, p)
if and only if

¢ Cl(fH(B)) C f(,CI(B)) forall BC Y.

PROOF. Let f be G¥-continuous function and B be any subset
of Y. Then ,CI(B) is a closed set in Y. Since f is G¥-continuous
then by Theorem (2.4), f~*[,CI(B)] is G*-closed set in (X, 7, G).
That is,

g Cl[f,CUB)]] = f,CUB)I-
Since B C ,CI(B) then f~1(B) C f~[,CI(B)]. This implies,
g« CU(f(B)) C g CLf[,CUB)]] = [ [,CUB)].
Hence g CI(f~*(B)) C f[,Cl(B)].
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Conversely, let H be any closed set in Y, that is, ,CI(H) = H.
Since H C Y. Then by the hypothesis,

g=CU(f7H(H)) € [ (,CI(H)) = [~ (H).

This implies, g« CI[f 1 (H)] C f~'(H). Hence g« CI[f 1 (H)] =
fL(H), thatis, f~1(H) is G*-closed set in (X, 7,G). Hence by
Theorem (2.4), f~1(H) is G¥-closed set in (X, 7, G). That s, f is
G“-continuous. [J

THEOREM 2.8. A function f : (X,7,G) — (Y,p) is G¥-
continuous of grill topological space (X, 7,G) into a space (Y, p)
if and only if

FH(,Int(B)) C go Int[f(B)] forall BCY.

PROOF. Let f be G¥-continuous function and B be any subset
of Y. Then ,Int(B) is an open set in Y. Since f is G¥’-continuous
then f~1[,Int(B)] is G~-open set in (X, 7, G). That s,

goInt[f [, Int(B)]] = f'[,Int(B)].
Since ,Int(B) C Bthen f[,Int(B)] C f~!(B). This implies,
M nt(B)] = gulnt [f [, Int(B)]] € golnt(f(B)).

Hence f~1(,Int(B)) C g Int[f(B)].
Conversely, let U be any open set in Y, that is, ,/nt(U) = U.
Since U C Y. Then by the hypothesis,

fHU) = 7 Int(U)) € goInt[f~ (U)].
This implies, f~1(U) C gwlInt[f~'(U)]. Hence f~1(U) =
gw Int[f~1(U)], thatis, f~1(U) is G*-open setin (X, 7, G). Hence
f is G¥-continuous. [

DEFINITION 2.9. A function f : (X,7,G) — (Y,p) of a
grill topological space (X, 7, G) into a space (Y, p) is called a G“-
closed function if f(G)is a closed set in (Y, p) for every G¥-closed
setGin (X, 7,G).

THEOREM 2.10. Let f: (X,7,G) — (Y,p)and h: (Y, p) —
(Z, ) be two functions. Then h o f is G“-closed function if  is a
closed function and f is G“-closed function

PROOF. Let U be G“-closed set in (X, 7,G). Since f is G“-
closed function then f(U) is a closed set in Y. Since h is closed
function then h[f(U)] = (ho f)(U) is That is, ho f is a G¥-closed
function. O

THEOREM 2.11. A function f : (X,7,G) — (Y, p) isa G-
closed function if and only if ,CI[f(A)] C f[g~Cl(A)] for all
ACX.

PROOF. Suppose that f is G-closed function and A be any sub-
set of X. Since g Cl(A) is G¥-closed set in (X, 7,G) and f is
G“-closed function then f[g. CI(A)] is a closed set in Y. That is,

pCL[flg= CI(A)]] = flg=Cl(A)].
Since A C g Cl(A) then f(A) C flgw Cl(A)]. This implies,
,CUf(A))] C ,CI[flgoCL(A)]] = flg=Cl(A)].

Hence ,CI[f(A)] C flg« CI(A)].
Conversely, let F' be any G“-closed set in (X, 7,G), that is,
gwCIl(F) = F. Since ' C X. Then by the hypothesis,

PCUFF)] € FI,CUF)] = f(F).

This implies, ,CI[f(F)] C f(F). Hence ,CI[f(F)] = f(F'), that
is, f(F) is aclosed setin Y. Hence f is G*-closed function. [
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3. 0-G¥-CONTINUOUS FUNCTIONS

DEFINITION 3.1. A function f : (X, 7,G) — (Y, p) of a grill
topological space (X, 7,G) into a space (Y, p) is called 6—G*-
continuous function if for each x € X and each open set V' in
(Y, p) containing f(x), there exists G¥-open set U in (X, 7,G)
containing « such that f (g« Cl(U)) C ,CL(V).

THEOREM 3.2. A function f : (X,7,G) — (Y, p) is 0—G*-
continuous if and only if

g CL(f71(V)) € FH(,CUV))
for every open set V in (Y, p).

PROOF. Suppose that f is §—G“-continuous. Let V' be any open
set in of (Y, p). Let z ¢ f~1(,CU(V)). Then f(z) ¢ ,CLV).
Then f(z) € Y — ,Cl(V). Since Y — ,CI(V') is open setin (Y, p)
containing x and f is —G*“-continuous then there exists G“-open
set U in (X, 7, G) containing x such that

flgwCUU)) € ,CUY = ,CUV)).
This implies,
F(g=CUT)) C ,CUY — ,CUV)) = Y — ,Int(,CUV)).
Hence
Fge CUT)) N Int(,CIV)) = 0.
Since
V= ,Int(V) C ,Int(,ClL(V))

then f (g CL(U))NV = Pand so g« CL(U)Nf1(V) = (). Since U
is G¥-open setin (X, 7, G) containing z then z ¢ o CI?(f~1(V)).
Hence

g=Cl(f7H(V)) € 71 (,CUV)).

Conversely, Let x € X be any point in X and V' be any open set
(Y, p) containing f(x). Since

VN =,Cuv)) =0
then
f(@) ¢ ,CUY — ,CUV)).

This implies,

x ¢ fHCOUY — ,CUV)).
Since Y — ,CI(V) is an open set in (Y, p) then by the hypothesis,

g CU[fH(Y = ,CLUV))] € fH,CUY = ,CUV))].
Then
x ¢ guCl[f (Y = ,CUV)).
Hence there is G“-open set U in (X, 7, G) containing x such that
g CLU)Y N FHY = ,CUV)) = 0.

This implies, f(g~Cl(U)) < ,CU(V). Hence f is 0—G*“-
continuous. [

THEOREM 3.3. A function f : (X,7,G) — (Y, p) is 0—G“-
continuous if and only if

o CUIX — fH(,CUV)) S X — f71(V)
for every open set V' in (Y, p).

IJSER © 2021
http://www.ijser.org



PROOF. Suppose that f is §—G“-continuous. Let V' be any open
setin of (Y,p). Letz ¢ X — f~1(V). Then f(x) € V. Since f
is 6—G“-continuous then there exists G*-open set U in (X, 7, G)
containing x such that

flgeClU)) C ,CUV).
This implies,
g=CUU) € J(,CUV)).
Then
g CLU) N [X = f7(,CUV))] = 0.
Since U is a G*-open set in (X, 7, G) containing = then
@ ¢ o CUUIX — 1 (,CUV))).

Hence

go CUIX = 1 (,CUV € X = (V).

Conversely, let x € X be any point in X and V' be any open
set (Y,p) containing f(z). Then = € f~3(V), that is, z ¢
X — f~Y(V). then by the hypothesis,

@ ¢ o CUUIX = 1 (,CUV))).
That is, there is there is G“-open set U in (X, 7, G) containing x
such that
G CUU) N [X — £71(,CUVY)] = 0.
This implies, g» CI(U) C f*(,CL(V)) and so f(g=Cl(U)) C
»,CUl(V). Hence f is —G*-continuous. [

THEOREM 3.4. For a function f : (X,7,G) — (Y, p), the
following properties are equivalent:

(1) fis 6—G“-continuous.
(2) goClo(f1(B)) C f1(,C1%(B)) for every subset B C Y.
(3) f(gwCIo(A)) C ,Cl9(f(A)) for every subset A C X.

PROOF. (1) = (2): Let B be any subset of Y. Suppose that
x & f1(,Cl°(B)). Then f(z) ¢ ,CI°(B). Then there is an
open set V in Y containing f(z) such that ,CI{(V) N B = 0.
Since f is #—G“-continuous then there exists G“-open set U in
(X, 7,G) containing x such that f (g« Cl(U)) C ,CI(V). Then we
have f(g.Cl(U))NB = . This implies, g» CL{U)N f~1(B) = 0.
Hence = ¢ g Cl°(f~1(B)). That is,

g=CI(f71(B)) € f71(,C1°(B)).

(2) = (1): Let z € X be any point in X and V be any open set
(Y, p) containing f(x). Since

LCUV) N (Y = ,CU(V)) =0

then
f(@) ¢ ,CUY = ,CUV)).
This implies,
z ¢ fHCI(Y = ,CUV))L-
Since

LCU0(Y — ,CUV) CY
then by the hypothesis,
g CU[f 1 (,C (Y — ,CUV)))
C fHCPGCIU(Y = ,CUV))))
=[O = ,CUV))L-

N
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Then
@ ¢ g CU[fH(,CLU(Y = ,CUV))).
Hence there is G¥-open set U in (X, 7, G) containing x such that
g CLU) N 010 (Y — ,CUV))] = 0.
This implies, f(g«Cl(U)) < ,CI(V). Hence f is 0—G“-
continuous.
(2) = (3): Let A be any subset of X. Since f(A) C Y then by the
hypothesis,
g« CI(A) C gu CU[fH(f(A))] C fH,,C10(f(A))]-
This implies,
F(g=C1°(A)) € ,C1(f(A).
(3) = (2): Let B be any subset of Y. Since f~!(B) C X then by
the hypothesis,
Flg=CU(fH(B))] C ,CUIf(FH(B))] € ,C1°(B),
This implies,
g=Cl(f1(B)) € f(,C1°(B)).
O
THEOREM 3.5. A function f : (X,7,G) — (Y,p) is 6—G“-

continuous if and only if a function g : (X, 7,G) — (X XY, 7 X p)
is —G“-continuous, where g(z) = (z, f(x)) forall x € X.

PROOF. Suppose that g is §—G“-continuous. Let z € X be any
point in X and V' be any open set in (Y, p) containing f(z). Then
X xVisanopensetin (X xY,7Xp). Since g is 6 —G*-continuous
there exists G¥-open set U in (X, 7, G) containing = such that

9(g=CIU)) € 12, CLUX x V).

This implies,
6o CUU) x f(guCIU)) = g(ge CUU)) € 7, CUX x V)

= X x ,Cl(V). Then f(g»Cl(U)) C ,CI(V'). Hence f is 6—G“-
continuous.

Conversely, suppose that f is §—G“-continuous. Let x € X be any
point in X and W be any open set in (X X Y, 7 X p) containing
g(z). Then there are open sets G C X and V' C Y such that

g(z) = (z, f(z)) e G XV CW.
Since f is 0—G“-continuous there exists G“-open set U in
(X, 7,G) containing x such that
flg=ClLU)) € ,CUV).
Let H = U N G. Then by Theorem (T-4), H is G*-open set in
(X, 7,G) containing x. Hence we have
9(gvCl(H)) = ¢« Cl(H) x f(g-CI(H))
g ClUNG) x f(geCLUNG))
g» Cl(G) x f(g~Cl(U)) C -CUG) x ,CU(V)
= ,Cl(G X V) C ,ClUW).

Hence g is 6—G“-continuous. [

DEFINITION 3.6. A function f : (X, 7,G) — (Y, p) of a grill
topological space (X, 7,G) into a space (Y, p) is called strongly
0—G* -continuous function if for each x € X and each open set V/

in (Y, p) containing f(z), there exists G*-open set U in (X, 7,G)
containing x such that f(gw CI1(U)) C V.

NN
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THEOREM 3.7. A function f : (X, 7,G) — (Y, p) is strongly
0—G*-continuous if and only if f~1(V) is 6—G“-open set in
(X, 1,G) for every open set V in (Y, p).

PROOF. Suppose that f is strongly 6 —G“-continuous. Let V' be
any open set in of (Y, p). We prove that X — f~1(V) is —G«-
closed set. Let z ¢ X — f~'(V). Then f(x) € V. Since f
is strongly —G“-continuous then there exists G¥-open set U in
(X, T,G) containing « such that f(g»CI(U)) C V. This implies,
gwCIl(U) C f~1(V). Hence

e ClUYNX — f71(V) =0.
Since U is G¥-open set in (X, 7, G) containing x then

@ ¢ guCl(X — fH(V)).

Hence

GOl (X = f1(V)) € X — f1(,CUV)).
Then f~1(V) is 6—G“-open set.
Conversely, Let x € X be any point in X and V' be any open set
(Y, p) containing f(x). Then by the hypothesis, f~1 (V') is 0—G*-
open set, that is, X — f~1(V) is §—G%-closed set. Then

g X~ fH(V)=gCl(X — fH(V)).
Hence there is G¥-open set U in (X, 7, G) containing x such that

g CUUY N (X = F1(V)) = 0.

This implies, f(goCI(U)) C V. Hence f is strongly 6—G“-
continuous. [J

COROLLARY 3.8. A function f : (X,7,G) — (Y,p) is
strongly 6—G“-continuous if and only if f~1(V) is §—G“-closed
setin (X, 7, G) for every closed set V' in (Y, p).

THEOREM 3.9. For a function f : (X,7,G) — (Y, p), the
following properties are equivalent:

(1) f is strongly §—G*“-continuous.

(2) f(g=CI(A)) C ,CU(f(A)) for every subset A C X.

(3) g« Cl(f~1(B)) C f'(,CI(B)) for every subset B C Y.
PROOF. (1) = (2): Let A be any subset of X. Suppose that y ¢

»CU(f(A)). Then there is an open set V in Y containing y such

that f(z) = y and V N f(A) = 0. Since f is strongly 6—G*-

continuous then there exists G*-open set U in (X, 7, G) containing

z such that f (g~ CI(U)) C V. Then we have

flowCUU) N A] C f(goCLU)) N f(A) = 0.
This implies, g» CI(U) N A = (). Hence * ¢ g C1%(A). That is,
y & fgwCI%(A)). Hence
f(g=CI°(A)) C ,OU(f(A)).
(2) = (3): Let B be any subset of Y. Since f~}(B) C X then by
the hypothesis,
Fflo=CU(f71(B))] € LCUF(f1(B))] € ,OUB).
Hence
g« Cl(f1(B)) € f*(,CUBY)).

(3) = (1): Let V be any open set in (Y, p). Since Y — V is closed
setin Y and by the hypothesis,

goCl(X = fH(V)) = guCU(f 1 (Y = V)
ROy = V)
Iy =v) =X - fH(V).

N
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)

Hence X — f~1(V) is 6—G%-closed set in (X,7,G). That is,
F7 (V) is —G*-i open set in (X, 7,G). Then by Theorem (3.7),
f is strongly 6—G*“-continuous. [

THEOREM 3.10. Every strongly 6—G“-continuous is G¥-
continuous.

PROOF. From Theorem (3.7) and the fact every 6 —G“-open set
is G¥-open set. [J
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